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1. INTRODUCTION

Recently Clenshaw and Negus [3] and Behforooz, Papamichael, and
Worsey [2] introduced a number of cubic X-splines in the class of ali C*
piecewise-cubic polynomial interpolatory functions which present several
practical advantages in comparison with the conventional cubic splines. A
detailed discussion of these advantages can be found in [2, 3, 5, 8]. More
recently, Papamichael and Worsey [6] defined a class of C* quintic X-
splines and investigated convergence and smoothness properties of some X-
splines in this class.

In this paper we define X-splines of degree 2n + 1 for a positive integer n.
More precisely, let 4 be an arbitrary partition of a compact interval
I={[a,b],

dra=xa<x;< - <xy=b.
Moreover, let us denote
hi=x;,—x;_, and h=max h,.

In Section 2, we study convergence and smoothness properties of C”
piecewise polynomial functions of degree 2n + 1 with breakpoints x; which
interpolate a sufficiently smooth function f at points x;. The main result of
this section consists in establishing a basic property of a piecewise
polynomial interpolatory function p which says that the order of the error
of approximation of /' by p and the orders of jump discontinuities of sth;
s=n+1,..,2n+ 1, derivatives of p at interior knots x; depend only on the
order of approximation of derivatives f'(x;) by p“YAx;); i=0,.., N,
j=1,..., n. The results of this section are used in Sections 3 and 4 to define
the most general classes of periodic and nonperiodic X-splines of degree
2n + 1, respectively. The definitions of these classes depend on a number of
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free parameters. By specifying these parameters, we define four periodic and
nonperiodic X-splines p;—p;v of special interest and present error estimates
of approximation of f by these X-splines. The orders of jump discontinuities
of sth; s=n+1,.., 2n+ 1, derivatives of the X-splines p,—pyy at points x,
are also presented. Each X-spline of special interest satisfies the following a
priori requirements:

(i) It ensures the maximal order O(h***?) of convergence in the
class of all piecewise polynomial interpolatory functions of degree 2n + 1;

(ii) its construction is simpler than the construction of the conven-
tional spline of degree 2n+ 1;

(iil) it approximates the jth derivative of f at points x, with the
orders O(h*"+277); j=1,.., n;

(iv) it has a jump discontinuity of the sth derivative of the order
OHh"* %), s=n+1,.,2n+1.

2. PIECEWISE POLYNOMIAL INTERPOLATION

Let P, , be the linear space of all C" piecewise polynomial functions p of
degree 2n+1 or less with breakpoints x;. Denote I;=[x,_,, x.],
t=(x—x,_)/h;and p'= pY(x,); j < n. Then by the Hermite interpolation
formula an element p of P, , can be expressed in the form

plx)= io [P, L )+ pPL)T: xel, 21
i=
where
L, (x)=hH =) 'y (n -:)_ U) pre 2.2)
and
L,_<,-(x)=(-1)"L,<_l‘j(x,<_1+x,——x). (2.3)

For a function fe C*(I), denote the convex set of all functions pe P, ,
interpolating f at 4 by P, 4(f). An example of a function p in P, ,(f) is the
piecewise Hermite function H satisfying the conditions

HO=f9D(x);  i=0,.,N,j=0,.,n

Now suppose in addition that f e C*"*2(],) for each i and denote the linear
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space of all such f’s by C"(I; 4). Then it is well known that the error
associated with approximating f by H is of the form

S(x)=Hx)=f*P)w(x)/(2n+2)  xel, (2.4)
where ¢ belongs to the interior I° of 7, and
wix) = [(x—x,_)x~x)]"""
Hence we have
If = HI < (h/2)* 2] £ 2 /(2n + 2)1. (2.5)

In order to estimate |f(x)— p(x)| for peP,,(f), we introduce the
notations

= 1)~ pi?

and

nej
L= (”j”) LRI
v=0
Clearly, we have ¢! =0 and

l 2=+ Z (n+v> =2"7/jl; j=0,.,n

v=0

THeOReM 2.1. If fe C*(I; 4) then

1f(x) = p(o)l < Z A;h] max{|el? ], ()| }
! h2n+2

(2n+2)). I
T T el
for a piecewise polynomial function p in P, 4(f).

Proof. By (2.5) it is sufficient to show that the term |H(x)— p(x)| in
the inequality

|/ (x) — p(x)] < |H(x) — p(x)| + | f(x) — H(x)]

can be bounded by the term with A's occuring in the desired estimate. By
virtue of (2.1)-(2.3) we have

|H(x)— p(x)| < Z gix) max{le( |, lef"|};  xel,
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where nontrivial and nonnegative polynomials g; of degree 2n+ 1 or less
are equal to

gj(x) =|L,. l,j(x)] + 'Lij(x)] =L, 1,_/(X) +L;_ l.j(ximl +Xx,—Xx).

Note that polynomials g; are symmetric with respect to the midpoint of 7,,
ie, gi{x)=g,(x,_;+ x;—x) for every x. This implies that the exact degree
d; of g; is 2n or less. Since g,((x;_  + x,)/2) = 4;4{ and gj(x, ,)=g/(x,)=0,
the proof will be completed if one can show that

gi(z)= max g;i{x)

where z = (x,_, + x,)/2. Suppose this is false. Then by the symmetry of g,
there exist two distinct maxima z,, z, € I\ {z} of g,. Thus,

gz)=0;, i=12 (2.6)

On the other hand, the fundamental Hermite polynomial L, _, , satisfies the
conditions

L

i—1,j

(x;_1)=0,, and L[

i1,

(x;)=0; s=0,..,n

Consequently,

go(x;_ )= (-1 gP(x;)=0,; s=0,.,n 2.7

Now denote k:=min{d;,n}. Then a repeated application of Rolle’s
theorem and relations (2.6)~(2.7) to polynomials g{"),.., g* =1 leads us to
the conclusion that the polynomial g{*’ of degree k or less has at least k + 1
zeros in 1. Thus g*)=0, which shows that d;<k. This contradiction

]

finishes the proof. ||

The theorem shows that if the errors |le"]| , = max,e!? of approximate
values p of £)(x,) are such that

leD),, =0k,  j=1,,n (2.8)
then
If = pll = O(#*) (29)
where

y=min{n, +1,.,n,+n,2n+2}.
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In particular, the best order O(A* *?) is achieved in (2.9) if
nz22n+2-—j for all j.

Now, we also show that jump discontinuities of the jth derivative of
pe P, ,(f) at interior knots x; defined by

d(p)=p(x;+0)— pV(x;,—-0); j=n+1,..,2n+1

depend only on magnitude of |e'| ; j=1,..,n. For this purpose, we

denote
LS j\(s—j—1
ay=(-1) —.,'( J>< . >,
J s—]J n—j
n+1

By= Y a/(m—s), (2.10)

m-=gs

7e=2"""Y(n+ 1)1 (25— 2n— 3)!! (Zn +sz*s)/(2"+2)!

where it is assumed that (—1)!!'=1, and start from the following two
auxiliary lemmas.
Lemma 2.1. If fe C'(I; 4) then
£~ HO@) <y, b 21 £ D) s=nt 1, 2+ 1

where z=x,_,+0, x;,—0,

Proof. The function

g(x)=[f(x)— H(x)] — [fNz) — HO(2)] w(x)/w")z); x€],

has two zeros x,; k=i—1, i of multiplicity n+ 1. Hence from a repeated
application of Rolle’s theorem it follows that g has 2n+ 2 — s zeros in I°.
But we also have g*)(z)=0. Therefore, by applying Rolle’s theorem
2n+2—35 times to g*,.., g®* " we have g®*?(£)=0 for some &€ I,
which is equivalent to

@) = HO) = £ D(E) wz)/(2n + 2)1, @.11)

Moreover, in view of the formula (2) from [7, p. 245] we have

) . ds-n—l X,-, +xi
W(’(x)=(n+l)fh,»“zi—xj—,,:—lP,,Hl:2<X~———‘2———>/h,]; xel,
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where P, is the Legendre polynomial relative to the interval [ —1, 1].
Hence by the fact that

(s—n—1) —(_- 1)\ pls—n—1)( _ — s _ _ "
Pet = (= P - 0=(y, 5 Jes- -

we derive

W)= (=1 w(x;_)=2"""Yn+1)! <2n +s2 B s)

X (25 —2n— 3 p2nt2=s, (2.12)
Finally, inserting this to (2.11) we directly obtain the desired estimate. |

LEMMA 2.2. The Hermite fundamental polynomials satisfy
LY, (5 )= (= 1) LO(x) = a b (2.13)
and
L (xy= (=1L x,_ )= Bhi~" (2.14)
foralli,jand s=n+1,.,2n+1.
Proof. From (2.3) we immediately obtain the equalities

LY, ()= (=1L (x, ) k=0, 1 k+m=1.

In order to prove the remaining equalities we denote
gj(t) =(jYh) L, l,j(x)

where ¢ is as in (2.2). Now we claim that the coefficient a; of the
polynomial g; at ¢* is equal to

as,-=(—1)“"(2":_1;6(3;:1) (2.15)

for s=n+1,.., 2n+ 1 and j = 0,..,, n. Indeed, by making use of the binomial
formula to (2.2), we easily find that (2.15) holds for j=n and that g, can be
written in the form

o\ a+1 1
g="g,.0+ (7S (") oy

n s N
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A comparison of appropriate coefficients on both sides of the last equality
gives

2n—j
aZn+l,j=(_1)n+l< ]>

n—j

and

o (2n—=j\/n+1
ay=ant (0 (P ot <o<on

Hence the proof of (2.15) can be easily finished by an induction with
respect to 5. Moreover, the interpolation conditions L, ) (x,_,)=0;
§=0,.,n imply that a;=6, for s<n This in conjunction with the
definition of g; gives

2n+1
Li—l,j(x)=(h{/j!)l:tj+ Z asjts]

s=n+1

where a; are as in (2.15). Hence from the fact that t=(x—x,_,)/h, we
deduce that the first terms in (2.13)-(2.14) are equal to the third ones. This
completes the proof. |

THEOREM 2.2. If fe C****(I) and pe P, ,(f) then

d(p)= 3. {Byh! el o, [hl i = (= 1) k[~ ef?
=1

— (=1 B/, 1o} + dO(H)

1

and

|d@(H)| <2y, 07270 £+ 2))
Sor all s=n+1,..,2n+ 1. Additionally, if the partition A is uniform and
feC**3(1) then

|d(H)| < 29,07 35| f@n 43

for each even s.

Proof. From the linearity of d'*) it follows that

d¥(p)=d(p~ H)+ d(H).
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Moreover, in view of (2.1)-(2.2) and from the fact that
p}]) — H},/) = pg./) __f(l')(xl_) — _eﬁi)’
we have

d9(p—H)=(p— H)(x;+0)~ (p— H)'(x,~0)
i {e(,) L(s) v' )_e(l)[( h. +]/h )J s ]

x Lg(f)(x )—efﬂlLfl’l,( x;)}-

Hence by Lemma 2.2 we derive immediately the desired expression for
d“Y(p). Since

[dP(H) < [HO x4 0) — fOx, + 0) + | £ (x,— 0) — HO(x, —0)),

we obtain directly from Lemma 2.1 the first estimate for |d'“(H)].
Additionally, if 4 is the uniform partition and fe C**3(I) then (2.4) in
conjunction with (2.10) and (2.12) implies that

dP(H) = HO(x, +0) — HO(x, = 0) =7, h* 2 [ fO (¢ ., )
—fEE)]

for every even s, where &, e I9; k=i— 1, i. Then, applying the mean value
theorem we derive the second estimate for |d(H)|. |}

From the last theorem we directly deduce that if the errors e satisfy
(2.8) then

d(p)=0(h"~");  s=n+1,.,2n+1 (2.16)

where y=min{n, + 1,.., n,+n, 2n+ 3} for the uniform partition 4 and u
is as in (2.9) otherwise. In particular, the highest order O(h*"*>~°) is
achieved here for a partition 4 if

nz2n+2—j for every j.

3. PERIODIC X-SPLINES

Assume that a function f satisfies the conditions
N a)=f9(b); s=0,., n (3.1)

Moreover, let the partition 4, the function f and each piecewise polynomial
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function p in P, , be extended periodically on the whole real line. Denote
by q;=¢qu; k=n+1,..,2n+1 the Lagrange interpolating polynomials of
degree k or less satisfying the conditions

gi{x,)=flx,)=1f; v=i—r.,i—r+k (3.2)

where r=Entier (k/2) and i=1,.., N. Clearly, ¢, can be expressed in the
form (2.1) and d'(q,) =0 for every s. Hence by repeating mutatis mutandis
the first part of the proof of Theorem 2.2 we obtain

i (p)=d(p—q,)
= Y (B h B, ~aThii— (= 1) ] B
j=1

—(—1YBRITED Y s=n+ Lo, 2i+l (33)

+

for each pe P, 4(f), where

When n=1, then these formulae for d¢*)(p) reduce to the formulae given
recently by Behforooz et al. in [2]. Thus (3.3) can be used to generalize
their definition of X-splines. More precisely, let 3Nn* real numbers ai, b5

and c{’; i=1,.., N, j=1,..,n, s=1,.., n be given. Then we define Nn linear

functionals g': C*(I) > R by
gy =Y {aPyV(x; )+ by (x )+ Py x )} (34)

j=1

It is clear from (3.3) that the definition of the functionals g!*) is an exten-
sion of the defintion of the functionals d"**); s=1,..., n.

DeriNITION 3.1. A piecewise polynomial function pe P, ,(f) is called a
periodic X-spline of degree 2n + 1 if its parameters satisfy the conditions

py = p%); s=1,..,n (3.3)
and
g¥p)=¢""qg,); i=1,.,Ns=1..,n (3.6)
ExampPLE 3.1. Let p=p,e C"(I) be the periodic X-spline obtained by
setting

af) =c{ =0 and b =4,
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in (3.4) and (3.6). Then its parameters are given explicitly as
p=qPx;) and  p{’=pf. (3.7)
This X-spline is called a diagonal periodic X-spline.

In order to define a periodic X-spline inC"*/(I); 1 <I<n, we may use
(3.3). Indeed, a periodic X-spline p belongs to C"*(I) if and only if

dY(p)=0; i=1.,Ns=n+1l,.,n+l (3.8)

Note that by (2.10) all numbers o ; occuring in (3.3) are integers. Since the
numbers «,,; are divisible by (m— j)! and (m— j)! is divisible by (m—s)!
for every, m,s, j such that m>s> j, we conclude that the numbers f,;
occuring in (3.3) are also integers. Moreover, we have

N/ 2n+1—j
o= (- 1y TR (B T ooy sy
s=n+1..,2n+1l,j=1.,n (3.9)

where the polynomial g of degree n is defined by
gx)=(x+s)x+s—1) " (x+s—n)/(x+s5—J).

This formula follows immediately from (2.10) and from the well-known for-
mula for the (2n+ 1 — s)th forward difference

) 2r+1—s o 2n+1_s
A2n+l~sg(0)= Z (_])2n+l-s ( ” >g(m)

m=0

Since 4”g(0)/n! is equal to the leading coefficient of the polynomial g, the
formula (3.9) implies that

1 —J
n 1 <2n +1 J); j=1,.,n (3.10)

Brors= (=0 == (T

This in conjunction with (3.3)-(3.8) yields the following example of a
periodic X-spline in C"*'([).

ExaMmpLE 3.2. Let p=py be the periodic X-spline with the coefficients
af’, by and ¢} defined as in Example 3.1 for every s > 1. Moreover, let the
remaining coefficients be defined by

L= j(l) = ntjpn+ 1= jal)
R+ =lagd = (1" b e =By



X-SPLINES OF ODD DEGREE 305

and
bﬁ,»”= ’“an+1,j[h{:;'_l + (_1)n+jh{~n‘l]

for i=1,., N and j=1,.., n. Then the parameters p!*’ for s<n are as in
(3.7). Furthermore, by inserting the coefficients into (3.4) and (3.6), we
conclude from (3.10) that the remaining undefined parameters p{" can be
determined from the system of equations

ap?, + (=1 (n+1) p"+(1—a) pi®, =b; i=1,., N (3.11)
where
Pé"’=P$6”, aizhi+l/(hi+hi+1)9 PS\'/')+1=P(1"),

bi=a;q(x;_ )+ (= 1) (n+1) ¢ (x;) + (1 — a;) g(x; 1. 1)

aihi n—1

il Z ﬂn+1,j[h{*"“I(Q.(j)—q,(i)n)(xiwl) (3.12)
j=1

+ (=1 R g —q¥) xi 1))

This system is strictly diagonally dominant. Thus the periodic X-spline py
is uniquely determined. Since (3.11) is equivalent to (3.8) for s=n+1, it
follows that p;; e C"*'(1).

The polynomials ¢,= g, occurring on the right side of (3.11) depend on
k; n+1 <k <2n+ 1. Therefore, there are in fact n+ 1 periodic X-splines of
the type py defined by (3.11) with the right sides b, = b, dependent on k. In
particular, when n=1 then

bp=bs=3a,lf .1, f;]+31—a)[fi fisi]

+ (__I)n+1

where [ f;_1, f;1=(f,~ f;_1)/h; is a divided difference of order 1. Thus the
definition of py for n=1 is independent of k=2, 3 and py coincides with
the well-known conventional periodic cubic spline.

Now we proceed to investigate convergence properties of periodic X-
splines. For this purpose, suppose that r,,=r,, ., is the remainder term of
the Lagrange interpolation formula of degree k£ with knots x,; v=i—r,...,
i—r+ k for the function (x — x,)”; k <m<2n+ 1. Then

rm(Xx)=(x—x,)" — g(x)

where the polynomial g of degree k or less is uniquely determined by the
conditions

g(x,)=(x,—x)", v=i—r.,i—r+k
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with r as in (3.2). Additionally, let R= R,; be the remainder term of the
same interpolation formula for the function

2n+1

Fx)y=fx)— ¥ FU0)x—x;)"ml.

m=k+1

Then by the linearity of a remainder in Lagrange interpolation together
with the linearity of g’ we have

2n+1

gf—q)="Y [fAx)glr,)m! + gP(R) (3.13)

m=k+ 1

for all feC**'(I). This formula will play a fundamental role in error
analysis for periodic X-splines, since it gives a useful expansion of the right
sides of the following equalities equivalent to (3.6):

gNf-p)=gf~q); i=L.,Ns=L.n (3.14)

From the definition of g!*) we easily note that the right side of (3.13) is a
linear combination of quantities r$’(x,) and RV (x,), where m=k +1,..,
2n+1, j=1,..,n and p=i—1, i, i+ 1. Since R is a remainder of the
Lagrange interpolation formula, it follows from Theorem 1 in Section 6.5 of
[4] that

(k + 1)
RO(x,) = (f; 1 ("j)), [] (x,— &) (3.15)

where
X < <X;_, g and x;_ <& <X, 44

Hence by Taylor’s series expansion of f**!)(5) at the point x, and by
F@r 2 = f@n+2 gand FUNx,)=0 for j=k + 1,.., 2n+ 1 we have

f(2n+2)(0.)(n x)2n+1 k k
k+1—)2n+1—Fk)! n(x

RY(x,)= (3.16)

for fe C**?(R), where x,_, <o <x,_,,.. Consequently, we obtain
IRV (x, )| < Cp2 27| f@n+2)] (3.17)

with a constant C; independent of 4 and f. Moreover, this constant can be
estimated as

k2n+2—j
C,< : .
k+1=N!2n+1-k)!
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Since r,, is also a remainder of the Lagrange interpolation formula with the
same knots as R, it follows that r{)(x,) can be expressed in the form (3.15)
with f replaced by (- — x;)". From this we conclude that

[r(x,)l < Dhm (3.18)

where the constant D; independent of 4 can be estimated as

D, <k™ If(k+1— ).

We note that the upper bounds for C; and D; are the simplest and at the
same time the largest ones. Since these bounds are sufficient for our pur-
poses, we do not have to worry about decreasing them. Now we can
establish the following results concerning convergence and smoothness
properties of periodic X-splines p; and py,.

THEOREM 3.1. Let p= p;, py be periodic X-splines for k=2n+1 inter-
polating a C***2-periodic function f with the period b— a. Then we have

If = pll < Ch** 2| 22 (3.19)

with a constant C depending only on n. Additionally,

d9(p)=0h*"*>=%),  s=n+1,.,2n+1 (3.20)

where it is assumed that s>n+ 1 for p= py.

Proof. I p= p;, then
D=y j=1le,n

Since k =2n+ 1, it follows from (3.13)-(3.14) and (3.17) that
le?| = |RD(x )| < R 27| f& 2 j=1,.,n. (3:21)

Hence by Theorem 2.1 we obtain

1) pol <2122 | 3,6 ameama 20 s v,
j=1
which completes the proof of (3.19) for p= p;. Further, from (3.21) and
Theorem 2.2 we immediately conclude that (3.20) holds in this case. Now,
suppose that p = py; and k=2n+ 1. Then |e!)|; j=1,.., n— 1 have the same
estimates as in (3.21). Thus, in view of Theorems 2.1 and 2.2, it is sufficient
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to show that (3.21) holds also for j=n. For this purpose, let us note first
that the relations (3.14) can be written for s=1 in the form
ae™ +(=1y"*'n+)e”+(1—a)e”, =c; i=1.,N
with e{” =e!"), where the a, are as in (3.12) and the ¢, are equal to b,
defined in (3.12) with g,; u=i—1, i, i+ 1 replaced by f—g,. Hence the
standard considerations (see, e.g., [1, p. 24]) lead to the conclusion
lef"|<n~' max |el; =1, N. (3.22)

I1<is<N

But the ¢, are linear combinations of the quantities (f—g¢,)"(x,) and
(f—4q,)9x,); p=i—1, i, i+1, v=i—1, i+1, which by virtue of
(3.13)—(3.14) and (3.17), have the same estimates as e!” in (3.21). This and
(3.22) imply that

n~1
le|<n™'h" 2| £+ 2 [(”+2)Cn+4 > Iﬂ,,ﬂ,,»le/(n-H)]

j=1

= Cnhn+2nf(2n+2)H

where B, ,, are as in (3.10). Thus (3.21) holds for j=n and the proof is
completed. |

It is important to note that Theorem 3.1 is false for k <2n. This is an
immediate consequence of (3.18), which implies that the estimates of the
right sides of (3.14) depend on the quantities g!*X(r,,,); k+1<m<2n+1 of
order less than 2n+2. We may partially avoid these difficulties by
introducing a new class of X-splines with coefficients aff’, b{ and cf’
satisfying the conditions

gr,)=0; m=k+1,.2n+1. (3.23)

Now we discuss the simplest case of such X-splines obtained for k= 2n.

EXaMPLE 3.3. Let p= pyy € C"(I) be the periodic X-spline obtained by
setting

q9:=4i2mn> a,(-f)=0, b,(-js)=5js, c:'jS)zajscis

in (3.4) and (3.6), where the coefficients ¢;; are such that (3.23) holds. Then
we have

g0(») = yux) + €y V(X 1). (3.24)
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Consequently, the conditions (3.5)-(3.6) give n systems of equations of the
form

p$S)+cisp$s-21 = gs)(xi)+cisq§s)(xi+l); l= 1!"'9 N, §= ls"', n (3'25)
for determining p{*), where p§), | = p{®. In addition, (3.23) implies that
cxs r(S)+1(x )/r n+l(xt+l) (326)

By the Lagrange interpolation formula the remainder r,,,, can be
expressed in the form
i+n
Panet(X) =rapilx)= [ (x—x,). (3.27)

m=i—n

In particular, in the case n=1, we have
ci1=hi/(hi+hi+1); i= 1,..., N.

Therefore, the system (3.25) is strictly diagonally dominant, which implies
the existence and uniqueness of the cubic X-spline p,; (n=1). Further, in
case n =2, we obtain from (3.26)-(3.27) the formula

hhi+h;_)hi 2+ hi )
(Biwrthith_Jhip +h) A,

Cih=

This shows that the systems in (3.25) are not strictly diagonally dominant
in general. However, when the partition 4 is uniform, then ¢, =2/3 for
n=2. Consequently, in this case the first system in (3.25) is strictly
diagonally dominant. Now, suppose that the partition 4 is uniform and
that » is a positive integer. Then the sth derivative of r,, , , at x; divided by
s! is an elementary symmetric function [9] of degree 6 =2n+1—s in the
arguments u,, = (x,—x,_,)=mh; m= +1,.., +n. More precisely, we have

re) (x)=s1Y wp

where the sum is extended to every combination of order ¢ of the numbers
—n, —n+1,.., —1, 1,2,.., n without repetition and without permutation.
Since u_,,= —u,,, it follows that

r8) o (x)=0;  s=2,4,. (3.28)
and

r$) (x)=(=1)"shM,, . ; s=1,3,.. (3.29)

640/44/4-2
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where

M2n+l,s:z (kl"'ka/z)z- (3.30)

Here the sum is extended to every combination of order o/2 of the numbers
1,.., n without repetition and without permutation. As an immediate con-
sequence of (3.30) we get

M2n+l,s=M2nvl,,v-2+n2M2n71,x‘ (3.31)
Starting from the initial conditions
1‘42n+1‘1=(’1!)2 and Mo, 15,0, =1, (3.32)

which follow directly from (3.30), we may compute step by step the positive
numbers M, with the aid of formula (3.31) (TableI). Next, let us
apply Leibnitz formula for the sth derivative of a product to the particular
product

Faw e X} =[x =X, )X =X 0 )] ran— 1ag1(%):
Then, in view of (3.28)-(3.30), it can be found that
P X )= (=D s(2n+ 1) shM,, _,_ #0; 5=2,4,..
and
r) dxi ) = (=D [n(n+ 1) My, — My, 1,5 ];5=1,3,..

where it is additionally assumed that M,,_, _,=0 and M, = 1. Hence by

TABLE I
Table of the Numbers M,,

$
n 1 3 5 7

1 1 1

2 4 5 1

3 36 49 14 1

4 576 820 273 30

5 14400 21076 7645 1023

6 518400 773136 296296 44473

7 25401600 38402064 15291640 2475473

8 1625702400 2483133696 1017067024 173721912
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(3.26) in conjunction with (3.28)—(3.29) and (3.32) we deduce that the coef-
ficients c,; s=1,.., n in (3.25) are independent of i and equal to

c,=0; s=24,.. (3.33)
and

_ M2n+1‘s

c, . s=1,3,... (3.34)
(n+1)nM2n—l,:—M2n—1,S42

By aid of the last formula we may easily compute a table of the nonzero
coefficients ¢, = c¢;,, (Table II). Finally, we note that construction of the
periodic X-spline py; of degree 2n+ 1 corresponding to the uniform par-
tition involves solving Entier({(n + 1)/2) systems of equations of the type
(3.25) which are strictly diagonally dominant for X-splines of degree less
than 11 and equal to 13.

ExaMpLE 3.4. Let p= pyve C"(I) be a periodic X-spline corresponding
to the following choice of its coefficients

ay)=éa, by =4, ¢=0

s

where a; satisfies (3.23) for k=2n. Then the parameters p!* satisfy n
systems of equations of the form

aip® +pP=a,q(x; ) +gP(x); i=1,.,N,s=1..n
where p§ = p's). Moreover, we have
a;,= _r(zsn)+ l(xi)/r(ZSn)Jr (xiy)

TABLE 1I

Table of the Coefficients ¢,

n 1 3 5 7

1 12

2 23

3 3/4 /8

4 4/5 205/236

5 5/6 479/546 139/134

6 6/7 2478/2791 1036/1049
266681

7 —_—

718 57063 4201/4346 2473/2199

1141146 3

8 8/9 739217 14037/13166

1258983 3906603
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where r,,,, is as in (3.27). Hence it is clear that all results from the
previous example remain valid under the additional assumption that c;,

h;,, and x; ., are replaced by a,, h,_, and x,_,, respectively. In par-
ticular, if the knots x; are uniformly spaced then a,, = c,,.

THEOREM 3.2. Let f be a C*"* *-periodic function with the period b—a
and let p= pyy, piv be periodic X-splines of degree 2n+ 1, n=1, 2, 3, 4,6
interpolating f ar uniformly spaced knots x;. Then we have

If = pl S CR?" 2| [P+ 2
and
d9(p)=O0h**+2"°), s=n+1,.,2n+1
with a constant C depending on n only.

Proof. We prove the results for p = p;y; only, since the proof for pyy is
the same. For this purpose, denote by 4, the matrix of the jth system in
(3.25). This matrix is strictly diagonally dominant and its elements c,;
j=1,.., n are independent of i. Therefore, we have

147 e (1 —cy) 7L
Hence by using (3.13)-(3.14) and (3.23)-(3.24) we obtain

le|<(1—c,)~" max [gVAR)]
I1<isN

=max{|RY)(x ):i=1,., N, u=ii+1}.

2n,i

This, in view of (3.17), implies that |e/| have estimates of the form (3.21).
Finally, inserting these estimates into Theorems 2.1 and 2.2 we immediately
obtain the desired results. |

It would be interesting to determine all s’s such that the sth system in
(3.25) is not strictly diagonally dominant in the case of uniformly spaced
knots x, for an integer n > 8. Since by (3.34) we have ¢, =n/(n+1)<1, it
follows from (3.31)-(3.34) that this problem will be solved if we determine
all odd integers s; 1 < s < #n such that the following inequality holds:

nM2n~l,s<2M2n—l.s—2'

This is left as an open problem. Moreover, it is obvious that Definition 3.1
may be used to define a number of other particular periodic X-splines given
above and preserving the highest order of convergence. For example, we
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can define the X-spline p= p, € C**'(I) with parameters p!*) defined as a
solution of systems (3.25) and (3.11) for s=1,.,n—1 and s=n, respec-
tively. Note that in this case Theorem 3.2 holds at least for n<8.

4. NONPERIODIC X-SPLINES

Now we define nonperiodic X-splines for a function f such that at least
one condition in (3.1} is not satisfied. In this case, we change the definition
of polynomials ¢;=¢q,; i=1,.,r—1, N+r—k+1,.., N—1 as follows:

9 =""=4,_1'=¢,,
1 qr-1-=4 (4.1)

AN 1= T TNk r—k+1 T YN r— k-

Analogously, we change the definition of r,,=r,,,; and R=R,;; 1 <i<N
for the first r — 1 and the last k —r — 1 values of i.

DEFINITION 4.1. A piecewise polynomial function pe P, ,(f) is called a
nonperiodic X-spline of degree 2n + 1 if its parameters p!* satisfy the con-
ditions

)= fl), i=0,N,s=1,..,n (4.2)
and
g9(p)=g"g); i=1.,N—1,s=1L.,n (4.3)

where g( are as in (3.4).

If we set n=1 in the above definition then in accordance with (2.10) and
(3.3)-(3.4), we obtain the definition of cubic X-splines stated in [2,3].
Similarly, if we insert

n=2, qi=qi,3’ a(.‘.”z(s,a. bf_]”:é c(..s)zé C;

ij jstiso Js2 Vi JsVis

into Definition 4.1, then we obtain the definition of quintic X-splines which
were given recently in [6]. Moreover, by making use of Definition 4.1, we
can define the nonperiodic X-splines p—py; of degree 2n + 1 in a way similar
to that shown in the preceding section. We omit details here, since they
involve minor changes such as removing periodic end conditions and Nth
equations from the systems of equations defining the periodic X-splines p,
and py; and joining the equalities p§ = f§ and p&) = f¢) at the beginning
and the end of the sth system, respectively. Furthermore, by repeating
mutatis mutandis the considerations from Section 3, we conclude that
Theorem 3.1 holds for the nonperiodic X-splines p; and py; interpolating a
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function fe C***?(I). The values f; i=0, N are not usually available in
practice. However, we may replace them by suitable approximations setting

W=gl9 () i=0,N,s=1,., n 4.2")

Then reasoning similar to that in the proof of (3.21) leads us to the con-
clusion that if f e C?**2(I) then

e = O +20); (=0, N, 5= 1, .

Therefore, the choice of the end coefficients p!® preserves the highest order
of convergence of the nonperiodic X-splines p; and py to f. This process
can be extended to define the nonperiodic X-splines py; and p,y with the
coefficients p!*); i=n,.., N —n as given in Examples 3.3 and 3.4 and with the
coefficients p®; i=1,.,n—1, N—n+1,., N—1 defined by

pz('S) = qg,sz)n+ l(xi)-

The end parameters p!*); i=0, N can be selected here as in (4.2) or (4.2').
Obviously, if fe C***?(I) then Theorem 3.2 holds for these X-splines.

Finally, we note that the method of proving Theorems 3.1 and 3.2 makes
it possible to compute the values of the constants in the estimates occurring
there. Clearly, this calculation can be done effectively for a few small values
of n only. In particular, such estimates will be given in our next paper for a
number of quintic periodic and nonperiodic X-splines.
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